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ENVELOPES OF ONE-PARAMETER FAMILIES 
OF PLANE CURVES 
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the curves y =f(x, a) have no envelope in the neighborhood of (xo, yo), except a point envelope 
which occurs wherever »» S 1 ; but if 

4) fan+l,xm(X0, ao)= 0, 
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also, whenever nt = 1, a point envelope at that point. 
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jt a.t {xo, yo, oo), 



D{F,Fa) _ d^ dy 
3) D(x, y) — S^ a£a 

a« dV 

i) Fa,a(xo, yo, ao) ^ 0; 

then the curves F(x,y,a) = have an envelope a; = i^(o),y = ^(o), which consists, in the 
neighborhood of (xo, yo, oo), of a single analytic curve througli this point. 
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1) F=0, 2) Fx = 0, 3) Fy = 0, 4) Fxx Fyy — F^xy ^ 0. 

Corollary, p. 92. If F{x, y) is real when x and y are real, necessary and sufficient condi- 
tions that F{x, !/) = define at (xo, yo) two analytic curves with distinct slopes which are a) 
real, 6) imaginary, are conditions 1), 2), 3) above, with i) replaced by 

4a) Fxx Fyy — F\y 0, 46) Fxx Fyy - F>xy > 0, 

respectively. 

Theorem II. p. 92. Necessary and sufficient conditions that the locus of F{x,y) =0, 
where F{x, y) is analytic at (xo, yo), consist, in the neighborhood of this point, of two branches 
through (xo, yo) with coincident slopes at this point, are that, at (xo, yo), 

1) F=0, 2) Fx = 0, 3) Fy = 0, 4) Fxx Fyy — F^xy = 0, 
while 5) Fxx, Fxy, Fyy 

do not all vanish. These branches may be connected or not. 

11. The Nodal Locus. 

Theorem I. p. 94. Necessary conditions that a given locus x := /n(a), y = p{a), where 
I m'(o) I + I t>'{a) I ^ 0, be a nodal locus of the curves F{x, y, o) = 0, are that the relations 

1) F=0, 2) Fx = 0, 3) Fy = 0, 4) Fa = 0, 
S) FaX^O or Fay ^ 0, 6) Fxx Fyy — F\y z^ 0, 
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7) 



= 



Fxx Fxy Fxa 
Fyx Fyy Fya 
Fax Fay Faa 

be satisfied along this locus. 

Theorem II. p. 95. Sufficient conditions that the given locus x = /*(«). y = "(a), where 
I ("'(«) I + I •"'(<») I ^ 0, be a nodal locus of the curves i''(a;,j/,o) = 0, are that the relations 

1) FmO, 2) Fx = 0, 3) Fy = 0. 4) Fxx Fyy — F'xy ^ 
be satisfied along this locus. 

Theorem III. p. 95. If, at {xq, ya), \) Fx = 0, 2) Fy = 0, 3) Fxx Fyy — F^xy -^ 0, 
thon 4) Fx{x, y,a) =0 and 5) Fy{x, y,a) =0 define x = ix{a), y == 1/(0), where iJ,(a), r(a) are 
analytic at 00. and where n(ao) = 0, v(_ao) = 0. 

If, furthermore, 6) i?(/t, k, o) = 0, 7) Fax(ii, y, o) 54 0, or Fay{ix, v, a) ^ 0, then 
I A»'(a) I + I "'(a) I ^ 0, and a; = A» (o),3/ = ^(a) define, in the neighborhood of (xo, i/o, ao), a 
nodal locus of the curves F(x, y, a) = 0. 

Theorem IV. p. 96. A necessary and sufficient condition that a given nodal locus 
X =ju(a). y = "(a), where | ^'(a) | + | "'(a) I 7^ 0, of the curves F{x, y, a) =0 be an en- 
velope of one of the brunches at tlie node, is that Faa (/«, f, a) = 0. 

12. Corollary to Theorems I- I V. p. 97. If F(x, y, a) is real when x, y, a are real, theo- 
rems I— IV" read for a) nodes, b) conjugate points, according as we replace the condition 
Fxx Fyy — F^xy ^Ohy a) Fxx Fyy — F'xy < 0, b) Fxx Fyy — F^xy > 0, respectively. 

13. The Locus of Double Points with Coincident Tangents. 

Theorem I. p. 98. Necessary conditions that a given locus x :=m(o), y ^v{a), where 
I /t'(a) I -f- I i/'(o) I ^ 0, be a locus of double points with coincident tangents for the curves 
F(x, y, a) = 0, are that 1) i^ = 0, 2) Fx = 0, 3) Fy = 0, 4) Fa = 0. 5) Fxx : Fxy : Fxa = 
Fyx : Fyy : Fya = Fax = Fay : Faa, along thls locus. While 6) Fxx, Fxy, Fyy do not all vanish 
simultaneously at any point of the given locus. 

Theorem II. p. 99. Sufficient conditions that a given locus x = i).(a), y = v{a), where 
I /t'(a) I -\- I v'{a) I ^ 0, be a locus of double points with coincident tangents for the curves 
F(x, y, a) = 0, are that 1) i*" = 0, 2) Fx = 0, 3) F„ = 0, i)Fxx Fyy — F^xy = 0, along the locus, 
while 5) Fxx, Fxy, Fyy do not all vanish simultaneously at any point of the given locus. 

Theorem III. p. 99. A necessary and sufficient condition that a given locus of double 
points with coincident tangents, x =/t(a), y = i<(o), where | /n'(a) | + \ v'(a) | 5^ 0, of the 
curves F{x, y, a) = 0, be an envelope of these curves is that Faa(fi, v, a) = 0. 

14. Examples, p. 100. 
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The purpose of this paper is to discuss the conditions under which a 
family of plane curves, dependent upon a single parameter, will possess an 
envelope. The discussion is exhaustive for the case that the equation of the 
curves of the family is given in the explicit form y =/(«, a),/(a5, a) being 
analytic in x, a. It may be noted at the outset that the whole treatment is 
applicable whether the variables are real or complex, unless otherwise speci- 
fically stated. The first part of the paper deals with the equation in the 
solved form : 

y =f{x, a), 

and the second part with the equation in the unsolved form : 

F{x, y, a) = 0. 

Part I. The Explicit Case. 

1. Definition of an Envelope. Let a one-parameter family of 
plane curves be defined by the equation : 

(1) y=j{x,a)i 

where /( 05, a) is an analytic function of the two independent variables x and 
a in the neighborhood of a point (xq, a^), i. e., for 

I a? — Xfl I < h, I a — ttQ I < ^• ; 
and where 

fo.{x, a) ^0 
in this neighborhood. 

If there exists a curve E, defined by the equations : 

(2) X = 4>{a), y = yjr(a), 

where (f>(a) and -iff (a) are analytic functions of a in the region | a — ao | < k'^ k, 
and where \<f>'{a) | -|- \'^'(a) \ > 0* for a in the same region, and if, for an 
arbitrary value a' of a in the neighborhood of a,,, the curve y =/(x, a') is 
tangent to the curve £'at the point a', i. e., at the point x' = ^(a')> I/' ="^{0.')^ 
then the curve E is said to be an envelope of the curves of the family. 

2. Necessary Conditions. For any a = a' in the neighborhood 
considered, the point o' of the envelope must be a point of the curve 

* This requirement excludes tlie so-called point-envelopes. 
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y =j{x, a'), and furthermore the slopes of these two curves at this point must 
be the same ; these facts lead to the two identities in a : 

(3) V^(a) -/[<^(a),«]=0, 

(4) V^'(«)-<^'(«)/«[<^(«)»«]=0. 

From diflferentiation of (3) with respect to a there results the identity : 

(5) f'(«) - <^'(«)/,[^(«), «] -f.iKa), «] s 0, 
which, subtracted from (4), gives 

(6) /.[<^(a),«]=0. 

The inference is, then, that if an envelope as defined above exists, the two 
functions x = <^(a) and y =^y}r(a) must satisfy the equations : 

(7) y-/(x,«) = 0, 

(8) /.(x, a) = 0, 
which constitute, therefore, necessary conditions. 

3. Sufflcient Coaditions. A set of sufficient conditions may be stated 
and proved as follows : 

Theorem. If 

1) /{x, a) is an analytic function of x and a in the region 

\x — Xo\ < h, \a — a^l < k; 



2a) 






f^(x, a) ^ 0, 


in the same 


region ; 


hut 




26) 






fai^a, ao) = ; 


3) 






fa,x(xo, »o) ^0; 


4) 






fa.ai^O, «o) ?^ 0; 



then the one parameter family of curves defined by y =f{x, a) has an en- 
velope E which is determined by the two equations : 

a) /a(a;, a) = 0, 

b) y-f(x,a)=0. 
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Proof. From the continuity of the functions, conditions 3) and 4) 
show that^,a.(a5, a) i^ (i and f^^^(x, a) :^ throughout a certain neighbor- 
hood of (xo, ao) such as |a; — a5o| < h' ^ h, |a — oo| <k' ^k. Then by vir- 
tue of conditions 26) and 3), equation a) may be solved for x, by the ordi- 
nary Implicit Function Theorem,* giving x = (o{a), where o)(o) is analytic 
in the region | a — oq | < ^•" ^ k' and reduces to Xq for a = a^. Substitution 
of«i)(o) for X in b) yields y = ;^(a), where xi"-) i^ analytic in the same 
region and reduces to yo for o = ao- 

These functions, 

X = o)(a), y = ;;^(a), 

satisfy the two equations a) and b) ; thus 

(9) /„[a,(«),a] =0, x(«) -/[«(«).«] =0, 

two identities in a for | a — a(, | < k". Differentiating the first of these we 
find that 

(10) /a,.C«(«), «] «'(«) +/.,aCa.(a), a] = 0, 
from which, together with 3) and 4), it is clear that 

(11) a>'(a) ^ --(^-l^ ^ 0, ^ ^ , X = «(a). 

The slope of the curve x = <<)(«i), y = xi"') ^^ ^"7 poii^t a is given by 
the relation : 

(12) ^^%V), 
' dx (»'(a) 

The slope of the curve of the family y =f{x, «)> for this value of a and at 
any of its points, is determined by the equation : 

(13) g^/.(x,a). 

But the second identity of (9) yields on differentiation : 

(14) ;t'(a) -/,[«(a), «] <o' (a) -/.[^(a), a] s 0, 
which, with the first of identities (9), shows that 

♦Osgood: Lehrbuch der Funktionentheorie, p. 48, vol. 1, and p. 345. The proof given 
for algebraic equations liolds for the more general type here considered. 
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(15) ^^/^(«,a), X = «(«), 

thus proving the slopes identical at the arbitrary point x = a)(a), y = x (,"■)• 
Since, by (ll),<B'(a) :7i 0, it follows that the condition]©' (a) | + (x'(*) |>0 
is satisfied and the curve above determined meets all the requirements of our 
definition of an envelope. 

4. Some Limitations of these Conditions. The conditions of the 
foregoing article are sufficient to give an envelope which, at and near a 
given point a^^ is composed of a single analytic branch. They are not neces- 
sary even for this restricted case. Let us consider two examples. 
Example 1. Does the family of curves 

y = {x-ay 

have an envelope which is smooth in and about the point a = ao = 0,x = Xo=0? 

Here 

/.(x, «) = - 2(x - «) ^ 0, /.(O, 0) = ; 

/a.^(0, 0) = - 2 ^ 0, /a.a(0,0) =2^0. 

These being satisfied, it is assured that the curves in question have an envelope 
smooth at the point x^ = 0, aj = 0, and that this envelope is obtained by 
solving the equations : 

a) X(a;, a) = - 2(a;- a) =0, 

6) y -fix, a)=y-{x-ay = 0, 

for X and y in terms of a. The solution is immediate and the envelope of 
the system is 

y = 0, (03 = a). 

Example 2. Does the family of curves 

y={x- ay 

have an envelope which is smooth in and about the point a = a^ = 0, 
a: = a5o = 0? Conditions 1) and 2) are fulfilled just as before but 3) and 4) 
are violated, for 

fa,x{^(,, «o) = - 6(a;o - «o) = 0, /«.a(a;o a^) = 6(x« - a,) = 0. 
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Geometrically it is evident that this family of curves also has an envelope which 
is quite as smooth as that of the curves of Example 1, being, indeed, identi- 
cal with it. In fact, the family 

y={x- ay, n = 3, 4, . • . 

has y = as an envelope though conditions 3) and 4) both fail. 

Since some of the hypotheses of the theorem fail in cases where envelopes 
are known to exist, it is clear that the theorem contains hypotheses that are 
unnecessarily restrictive. 

5. Weierstrass's Theorem on Implicit Functions. The narrow- 
ness of the theorem of §3 arises from the weakness of the Implicit Function 
Theorem employed for the solution of the equation /„(x, o) = 0. This theo- 
rem gives conditions sufficient, but so restrictive as to leave untouched a 
number of cases which it is essential to be able to treat. As a means of hand- 
ling these cases use is made of the Implicit Function Theorem of Weierstrass, 
which may be stated as follows : 

Weieestrass's Theoeem. Let F(x, y) be a function of the two indepen- 
dent variables x and y, analytic in the neighborhood of a point {Xq , yo) 5 ^^t 

F{Xo, y) ^ 0, 

and let -^(^o, yo) = ; 

then the function F(x, y) may be written thus : 

F(x, y) = P(x, y) H{x,y), 
wnere 

P{x, y) = (y~ yo)" + A(«) ( y - yo)""' + • • • + A(«), 

the -4j(a;) being analytic functions of x in the neighborhood of x^ and vanish- 
ing for X = Xq, and H(x, y) being an analytic function of x and y in the 
neighborhood of (xq, y^), not vanishing at (xq yo).* 

The inference is, therefore, that the equation F(x, y) = has n, and 
only n, roots y as functions of x which approach y,, as x approaches Xq^ and 
that these roots are the n roots of F(x, y) = 0. Attention may thus be 

* For the proof of this theorem, the reader Is referred to Goursat : Ooura d'analyse, vol. 
2, pp. 280-285. See also Plcard, Traite d' analyse, vol. 2, p, 243 ; Bliss, Bull. Amer. Math. Soc. , 
vol. 16, p. 356 (April, 1910); MacMillan, ibid., vol. 17, p. 116 (Dec. 1910). 
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restricted in a study of the behavior of the roots oiF{x, y) = in the neigh- 
borhood in question to a consideration of the roots of the simpler equation 
P{x, y) = 0. 

To the discussion of this equation the following considerations are 
essential. 

Definition. The function 

P(x, y) = y» + ^i(a;)3/«-i + Ai{x)y«-'' + • • • + A(«), 

where Ai{x) is analytic at x = Xq and Ai{x^) = 0, is reducible at the point 

(X = a!o> y = yo = 0) if 

P{x,y) = [y'»+ A(a;)r-' + •••+/?«(»;) ][y+ 0,{x)yi-^ + • • • + Oi{x)l^, 

where m > 0, / > 0, and ^^(a;) and C4(x) satisfy the same conditions as J.,(a:). 
Otherwise it is irreducible. 

Theorem. A necessary and sufficient condition that P{x, y) be irreducible 
at the 2)oint (Xi), y^ — 0) is that, no matter how small a neighborhood of the point 
Xq one consider, the Riemann surface for the function y of x defined by 
P(x, y) = spread out over this neighborhood consist of a single piece. 

Proof. 1. The condition is sufficient. For if P{x, y) be reducible the 
Riemann surface fory as a function of x defined by P(x, y) = will, in the 
neighborhood of Xq, be composed of the separate Riemann surfaces corres- 
ponding to the separate irreducible factors.* 

2. The condition is necessary. The equation P{x, y) = defines y as an 
n-valued function of x in the neighborhood of x = Xq; let the branches be de- 
noted by /i(x), f{x), • • ., /„(x). Assume that the Riemann surface breaks 
up and let one of the pieces be a X-sheeted piece, X < n, to which are assigned 
the branches /i(x), • • •,/^(x). Sever the suiface by a cut running out indefi- 
nitely from the point x = Xq, and let the description of a closed circuit 
around x = x^ by the independent variable cause 7i(x) to go over into_^(x), 
f(x) into/3(x), and so on,/^(x) going over into/i(x). Consider then the 
function 

P(x, y) ^ [y -/i(x)][y -/,(x)] • • . [y -/,(x)] 

= y^ + /3i(x) y*-i+ ••• + /3,(x). 
The functions /3j(x) are integral symmetric functions of the/'s, and con- 
* See, in this connection, Osgood : Lehrbuch der Funktionentheorie, vol. 1, p. 357. 
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sequently are functions of x, single-valued and analytic throughout the 
unsevered neighborhood of x = Xq, except possibly at Xq itself. Moreover 
/3f(x) is finite and continuous in this region, and A(*o) = 0. Hence 0i{x) is 
analytic throughout the unsevered neighborhood of x = Xq inclusive of the 
point itself.* For if a function is analytic throughout the neighborhood of a 
point, with the possible exception of the point itself, and if it remains finite 
in the neighborhood, then it approaches a limit as the variable approaches the 
point; furthermore if this limit is assigned as the value of the function at the 
point, then the function is analytic at this point also. These conditions 
are fulfilled in the present case. The function -P(a;, y) is therefore irredu- 
cible at the point x = x^ (by part 1 of this proof). 

Hence it is seen that -P(x, y) admits as a factor an irreducible poly- 
nomial, P(x, y), of the same type. This contradicts the hypothesis that 
P(x, y) is irreducible, and the theorem is proved. 

Equating to zero each of the irreducible factors of P(x, y) we have y 
defined as a function of x, single or multiple valued as the case may be. In 
case the function corresponding to a given irreducible factor is multiple 
valued, the branches are all connected in a single cycle at a:o. In this case all 
the values of y corresponding to an arbitrary x :^ Xq in a suitably restricted 
neighborhood of Xq are distinct ; for the discriminant of the irreducible factor 
is a function of x, analytic in the neighborhood of the point x^ and vanishing 
there, but not vanishing identically. It has, therefore, no second root in the 
vicinity of a-o- Furthermore unless this function y of x is a constant, the 
inverse function exists and x can be expressed as a single valued function of y 
in the neighborhood of yo, or as a multiple valued function whose branches are 
connected in cycle at y^. There will, of course, be as many such functions x 
as there are irreducible factors in P(x, y) . 

6. Application of the Theorem of the Preceding Article. 
A necessary condition for an envelope of the curves y =f(x, a) has been 
seen to consist in the equation 

/,(X, a) = 0. 

We now proceed to inquire how far this condition is sufficient. 

The function fa{x, a) may contain certain easily detected factors which 
are extraneous for our present purposes, factors, namely, of either or both of 

'''' ^"""^ (x-x,r, (a-a,r, 

* See Osgood: Funktionentheorie, vol. 1, p. 262, Riemannscher Satz. 
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where m and n are positive integers. Ifyi»+i (x, a^ ^ 0, but all the pre- 
ceding a - derivatives of /^(a;, a) — if there are any — vanish identically 
for a = ttfl, then /.(x, a) contains the factor (a — ao)" but not the factor 
(a — ao)""*"^- If /a,*™ (^o» «) ^ 0, but all the preceding x-derivatives of 
y„(x, a) — if there are any — vanish identically for x = Xq, then X(x, a) con- 
tains the factor (x — Xo)™ but not the factor (x — Xo)'"+^. Hence we may 

write 

/„(X, a) = {a- ao)" (x - Xo)"' F(x, a), 

where m, n are determined as just indicated, and where 

F{x, ao) ^ 0, ^^(Xo, a) ^ 0. 

The solutions of the equation 

Ux, a) = 
are the solutions of the three separate equations, 

a) a — ao = 0, 

b) X — Xo = 0, 

c) F{x, a) = 0. 

Equation a) does not define x as a function of a ; hence the factor 
(a — (Xo)" gives rise to no envelope. 

Equation b) gives x = Xo. Writing /„(x; a) as 

f,{x, a) = (x - Xo)'»(a - a,)" i^(x, a) 
= (x-Xo)" /r(x, a), 

y=f{x, a) z= (x- Xo)"' / /^(x, a)da-\- L{x) ; 

Jo-o 



we have 



then yo =/(a;o» «) = -^(^o). 

and all the curves, y =f{x, a), are seen to pass through the fixed point 
(-"c I/o)- Hence the factor (x — Xq)'" gives rise to the so-called j?ow< envelope. 
Equation c) presents two cases according as 

F(xo, «o) ^ 0, or i^(Xo, ao) = 0. 
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If P(Xo, a,) ^ 0, then F{x, a) is the function H{x, a) obtained by ap- 
plying Weierstrass's Theorem to the function 

(x-Xo)"' F{x, a). 

Hence, if F(Xo, a^) ^ 0, the factor F(x, a) gives rise to no envelope. 

If F{^X(,, oq) = 0, Weierstrass's Theorem enables us to solve the 
equation 
c) F{x, a) = 

for X as a function of a, x = <f>(a), in the neighborhood of a = Uf,. The 
functions 

X = ^{a), y =/[^(a), a] = -^(0), 

define an envelope of the curves 

i/=f(x, a) 

in the region in question. These statements we now proceed to prove. 
By Weierstrass's Theorem, we may write 

F{x, a) = n(x, a) H{x, a), 

where II(Xy a) is analytic in the neighborhood of (xj, uq) and H(xq, uq) jt 0. 
The aj-roots of i' (x, a) = in the neighborhood of a = ao ^^e all given as 
the roots of the equation 

fl(a;, a) = 0. 

Let ili(x, a) be a factor of il(x, a), irreducible in the neighborhood of o^; 
it may be written 

n,i{x, a) = (X - Xo)' + Ai(a){x - Xq)'-^ + • • • + Ai{a), 

where Aj(a) is analytic at a^, -4,(ao) = 0, and Ai{a) ^ 0. Then 

Xli(x, a) = 

defines x as an Z-valued function of a, 

X = <t>(a), 

whose branches are all distinct except at a^, where they are all connected in a 
single cycle. Cut each leaf of the Riemann surface along a ray emanating 
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from tto, and denote the branches of ^(a) corresponding to the severed 
leaves by <f>i{a), (f>.i(a), (f>i(a), ■ ■ •, ^i{a). The substitution of these functions 
in the equation 

y =/(x, a) 
gives 

thus we obtain pairs of functions 

Xz=:(f>-{a), y^y\r^{a), 

such that in the region In question no two branches (f)i{a), ^j{a) are the same. 
In the neighborhood of any point a = ai ^ a^m a suitably restricted 
vicinity of oq, the functions, 

define an envelope of the family y—f(x, a). 

For, from the character of F(x, a), the function ^,(a) is non-constant, 
and <l>'j{a) ^ ; hence the condition 

\<f>',{a)\ +|tK«)l >0 

of the definition (§2) is fulfilled at any point of the region in question. The 
proof that the slopes of the curves 

X = 4>j{a), y = yjrj(a), 

and y =f(x, a) 

are identical at an arbitrary point of the neighborhood of ui is exactly that 
used in establishing the theorem of §3. Thus the functions x = <f>j(a), 
y = ■</^j(a) meet all the requirements of the definition of §2 and the statement 
is established. 

To the irreducible factor fi,(a;, a) there corresponds therefore an envelope 
consisting of a single branch analytic at a^, or of several branches distinct and 
analytic in the neighborhood of ao except at the point itself and meeting at 
the point. To the function D,(x, a) will correspond, of course, one envelope 
of this type for each of its distinct irreducible factors. These envelopes will, 
in general, be distinct; see §7, example 4, for an exception. 

The results of the foregoing discussion arc brought together in the follow- 
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ing fundamental theorem, which summarizes the facts concerning envelopes of 
the family of curves given in the explicit form y =J(x, a). 

Fundamental Theorem. Given a one-parameter family of curves 
y =f(x, a), where f{x, a) is an analytic function of x and a in the neighbor- 
hood of (xq, ao) , such that 

i = 0, 1, 2, • . ., m — 1, 
7 = 1,2,.. ., n, 



1) 

but 


/.,x»(a;o. «) ^ 0, 


2) 
but 
then, if 


fj(x, ao) = 0, 


3) 


/a»+l,X>»( 



the curves y =f(x, a) have no envelope in the neighborhood of (x,,, y,,), except 
a point envelope which occurs whenever to g 1 ; but, if 

3') /a»+i,x>»(a:o, ao) = 0, 

the family y = f(x, a) has an envelope composed of one or more curves 
through the point {x^yo) ; also, whenever to S I, a point envelope at that 
point. 

When to = 0, the notation i = 0, I, 2, • ■ ■, m — I is meaningless and 1) 
must be replaced by f^{x^_ a) ^ 0. 

7. Examples. Example 1. Examine for an envelope in the neigh- 
borhood of the point a-o = 0, ao = 0, the curves : 

y =f(x, a) = 4 a^ — 5a.*a; + ia^x^ — ba^x^ — x^. 

Herey(x, o) is analytic at (0, 0), and 

f^(x,a) = 20aHa-x){l + x'^), 

so thaty^(a5o, «©) = while /„(Xo, a) ^0. The conditions of the Fundamental 
Theorem are fulfilled, n = 3, to = 0, and 

fl {x, a) = (a-x), H{x, a) = 20(1 + x^). 

Thus we obtain the envelope 

X = a, y = — "'(1 + a 4- a'^) (1 — a + d^). 
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consisting of one analytic branch through (0,0) ; the equation in Cartesian 
form is 

x^ + x' + x^ + 1/ — 0. 

Example 2. Examine for an envelope in the neighborhood of x„ =0, a„ = 0, 
the curves : 

y =f(x, a) = 20xV + x' + 15a*a;2 + 15aV + I'ix^a^. 
Here f^{x, a) = ma^x^ {x^ + a) (1 + a), 

and we have the conditions of the Fundamental Theorem with m — 2 and 
n = 2. Thus we obtain a point envelope at the origin, and an envelope which 
consists of a curve through (0,0) given by 

x = ± \l — a, y = 5a5 + 3a« T a ^ — a, 

or in Cartesian form : 

y — x''{l — 5x^ + 3x5). 

Example 3. Examine for an envelope in the neighborhood of 
Xo = 0, ao = 0, the curves : 

y =f(x, a) = x'^j^ax" + 2a''x^ + (| « " J) *'^' " | "'^ " "*] • 

Here /„(x, a) = x^jx* + 4ax3 + (Aa^ _ a)x^ - ia^x - 4a»l 

= x2(x2- a)( X + 2a)2. 
The envelope consists of the curves 



and 



X = ai, y = ^ I 3 + 4ai + 2al , 
= -2a, y = ^a^hl2a-17~\; 



the origin is a point envelope. 

Example 4. Examine for an envelope in the neighborhood of Xq = 0, 
ao = 0, the curves : 

y =/(x, a) = (X - «)2 (X - 2a)2. 

Here /„(x, a) = 2(x - a) (x — 2a) (4a - 3x), 
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il(x, a) = (x — a) (x — 2a) (x — ^a) . 
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The Rieinann surface consists of three distinct pieces, each composed of a 
single sheet. The envelope is made up of the loci 



and 



X = a, y = ; X = 2a, y = ; 
4 4 , 

^=r' ^ = 81"- 



This example illustrates how two different irreducible factors of Xl(x, a) may 
give rise to the same envelope in the neighborhood of a point (xq, yo) . 



Part II. The Imx'licit Case. 

8. Statement of the Problem. Attention will now be directed to 
the case in which the family of plane curves is defined by an equation in the 

implicit form : 

F{x, y, a) = 0, 

where F{x, y, a) is an analytic function of x, y, a and where F^{x, y, a) ^ 0. 
The definition of the envelope is the same as in §1. Two cases will be 
considered here : a) that in Avhich the curves of the family have no multiple 
points in the region in question, b) that in which these curves have multiple 
points of order two only. 

9. A SuflElcient Condition for an Envelope. In Case a) the fol- 
lowing theorem gives sufficient conditions for the existence of an envelope. 

Theorevi. IfF{x, y, a) is a function, analytic in the three independent 
variables x, y, and a, at the point (xq, y^, a^), and if 



1) 
2) 



F{Xq, yo, ao) - and F,(xo^ t/o, a^) = 0, 
DjF, F^) _ 



D{x, y) 



dF dF 
dx dy 

dx dy 



9i at (xo, yo, ao)> 



1911] ENVELOPES 89 

3) J^aa(a;o.yo «o)9iO; 

then the curves F(x, y, a) = have an envelope x — 4>{a), y = ^{a), which 
consists, in the neighborhood of the point (xo, yo, *o)» ^f<^ single analytic curve. 
Proof : The two functions F{x, y, a) and F^{x, y, a) satisfy the con- 
ditions for obtaining x and y from the two simultaneous equations 

F{x, y, a) = 0, F,{x, y, a) = 

as given in the ordinary theorem on Implicit Functions.* The solution of the 
equations gives rise to two analytic functions, 

X = <f>{a), y = f(a), 

such that jP[^(a), ^/^(a), o] = and i^<,[(^(a), •</r(a), a] = 0, and that 
<f>(a(,) = Xflftnd -</^(ao) = y„. Tnese two functions x = (f>(a), y = i^(a) exhaust 
all the systems of values (x, y, a) in the neighborhood of (Xo, yo» ao) for which 
the functions F(x, y, a) and F^(x, y, a) vanish simultaneously. Hence but 
a single curve is determined. Furthermore, <^(a) and •^(a) are not both con- 
stant; for differentiate the identity F^{<f>, yjr, a) = 0, thus obtaining 

F^,<f,'{a) + F^^ f'(a) + i^,„ = 0. 

Then, if (f>(a) and -^{a) were constant, 4>'(a) =-\jr'(a) =0, and i'',„[<^(a), 
i/r(a), a] =0 and, in particular, F^^l_<f>(a(,), -^{a^), aj — 0, in contradiction 
of condition 3). Therefore \<t>'(a) \ + \f'(a) \ > 0. 

It remains merely to show that, at the common point (xo^ y,,, "o), the 
curves F(x, y, ao) = Oand x = </>(«), y = '>^(a) have the same slope. Differ- 
entiating the identity F{<f), ilr, a) = 0, we get 

F,cj,'(a) + F,t'(«) +F^^0. 

But at the points under consideration F^ = 0, and thus the last identity 
reduces to the form 

F,<}>'(a) + F^^lr'(a) = 0. 

Now the slope of F(x, y, ao) = is given by the equation F^dx + Fydy = 0, 
and F^, Fy are not both zero, by 2), while the slope oi x = ^(a), y = ^(a) 
is given by the equation -^'(a) dx — <f>'(a,') dy = 0, and the above identity is 

•See Osgood: Lehrbwh der Ftmktionentheorie, vol. 1, pp. 52-55 and p. 346. The proof 
for a single equation is readily extended to a simultaneous system. 
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precisely the necessary and sufficient condition that these two equations, homo- 
geneous in dx and dy, have a comnaon solution other than (0, 0). The theo- 
rem therefore is proved. The conditions are sufficient, but not necessary. 

10. Conditions for Double Points. In case h) there will occur, in 
the pairs of solutions for x and y in terms of a from F{x, y, a) = and 
i^a(x, y, a) = 0, not only the envelope, in case there is one, but also the locus 
of double points. In the complex domain, we distinguish two classes of mul- 
tiple points of order two, according as the tangents to the curve at the point 
are distinct or coincident. The first class we call nodes; the second class in- 
cludes cusps, tacnodes, points of osculation and so forth. In the domain of 
reals, double points with distinct tangents are termed nodes or conjugate 
points, according as these tangents are real or imaginary. That we may get 
simple, definite conditions, we shall make in all the following discussion the 
restriction on the function F{x, y, a) that it involve no repeated factor. 
Then we may state the following theorem for a node. 

Theorem I. JVecessary and sufficient conditions that the locus of 
F(x, y) = 0, where F{z, y) is an analytic function of x and y in the neigh- 
borhood of {xo, yo) , consist, in this neighborhood, of two analytic branches 
through (xo, yo) with distinct slopes at this point, are that, at (xo, yo)i 

I) F=0, 2) ^, = 0, 3) F, = 0, 4) F,,F^,-F^,^0. 

Proof. There is no loss of generality in taking (xo., yo) ^^ (0,0). 

1. The conditions are necessary. Since (0,0) is a point on the locus, 
^^(0, 0) = 0. If either 2) or 3) is violated, the ordinary Implicit Function 
Theorem shows that the locus is a single analytic curve, contrary to the hy- 
pothesis. The function F(x, y) may, therefore,. be written in the form : 

F{x, y) = ax^ + 2bxy + cif + dot? + Zex^y + • • • 

= x2 (a + 26 ^ + c ^^ + ajsfd + 3e ^ + . . . ") + . . . 

^xy(x,x), x = |. 

The only solution of F(0, y) = is y = 0. Consider a particular 
branch of the locus through (0, 0) ; its slope is 
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lim y. — lira \ 

tj and \ being considered as functions of the independent variable x. The 
variables x and \ are connected by the equation 

f{x, \) = a + 26\ + c\2 + a;(rf + 3e\ +•••) + ••• = 0. 

Moreover lim x = ; consequently the limiting value of \ satisfies the equation 

/(O, \) = a + 2^)X, ■+ c\2 = 0. 

Since, by hypothesis, th.e slopes, \j, \^, at (0, 0) are distinct, W — ac i^ 0. 
But i*'^„(0, 0) = 2a, -F^y(0, 0) = 25, -Pj,i,(0, 0) = 2c; hence the quadratic 
equation in \ is equivalent to either of the two equations, 

ax" -f Ihxy + c/ = 0, and t\^{dxy' + 2i?'^„ (Zx(?y + F„{dyy = 0, 

and the condition just obtained becomes 

This establishes the necessary conditions. 

2. The conditions are sufficient. Because of 1), 2), 3), we have, as 
above, 

Fix, y) = ax''' + 2bxy + cy' + (?a;* + Sea;^ + • • • 

= x''-f{x,\), \ = |, 

where, because of 4) , 

h^ -aci^ 0. 

The only solution of F{0, ij) = is y = 0. Consider, then, the 
function 

f(x, \) =a + 2b\ + c\2 + x(d + Se\ +■■■) + ■■ ■ 

= Ao(X) + AiiX) ■ X + A^{\). x^+ .-•. 

The roots, \i, Xj, of ^o(^) — are distinct ; hence 

M|^ = 2(6 + c\,) ^0, i=l,2. 

Therefore f(x, \) = 
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determines X=:if>i(x), i= 1, 2, [<^i(0) = X,, f{x, ^i{x) =0], a pair of 
functions, each single valued and continuous in Ihc neighborhood of x = 0, and 
having there a continuous first derivative. Then y = Xx gives two functions 

y = x<^i(a;) =<^(a;), y = x<f>.2{x) = -^(x), 

which define two analytic curves through (0, 0) . 
The slopes of the curves at (0, 0) are 



dy 
dx 



= a;o<^j(*o) + M^o) = >-f. 1 = 1,2. 

X = X, = 



But Xi^X^; hence the two curves through (0, 0) have there distinct slopes. 
The curves X = <t>i(x) exhaust all points in the neighborhood of (0, Xj) 
for which /(x, X) vanishes. To show that these curves exhaust all points in 
the neighborhood of a; = 0, X = X, for which /(x, X) vanishes, proceed as 
follows. Take X = Xg any point not in the neighborhood of either Xi or X^. 
Write /(x, X) as 

00 

f(x, X) = Ao(\) + 2 ^mC^X™. 

Then | AC^) \ > Gf-y Gr being some fixed positive number ; moreover, there 
exists a positive constant p, such that 



2 ^m(W a;" 



in = 1 



< G, for |x| </). 



Hence this value pair (x, Xg) does not cause /(x, X) to vanish. This shows 
that the complete locus of F(x, y) = is represented, in the neighborhood of 
(0, 0), by the two curves 

and the theorem is proved. 

Corollary. If F{x, y) is real when x and y are real, necessary and 
sufficient conditions that F{x, y) = dejine at (xo, yo) ^w" analytic curves 
with distinct slopes which are a) real, b) imaginary , are conditions 1), 2), 3) 
above, toith 4) replaced by 

4a) F^^Fy, - Fly < 0, 46) F^^Fy^ - F^ > 0, 

respectively. 
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Theorem II. JViscessary and sufficient conditions that the locus of 
P{x, y) = 0, where F{x, y) is an analytic function of x and y in the neiffh- 
borhood of (xo. yo) > consist, in this neighborhood, of tivo branches through 
(xof i/d) with coincident slopes at this point, are that, at (jj, yj), 

1) F=(i, 2) F, = 0, 3) F,, = 0, 4) F^^Fy, - F\ = 0, 
while b) F^^, F^y, Fyy 

do not all vanish. These branches may be connected or not. 

Proof. As before let us take (^Xo, yo) as (0, 0). 

Necessary Conditions. These are established precisely as in the fore- 
going theorem. 

/Sufficient Conditions. Because of 1), 2), 3), we have 

F(x, y) = ax^ + 2bxy + cy^ + dy? + Zex^y + • • •, 
where, because of 4), 5), 

W — ac = 0, a, b, c, not all zero. 

Since either a ^i or c ^i 0, let us assume that c ^t 0. Then 
F{0, y) ^ 0, F{Q, 0) = 0, i?;,,(0, 0) = 2c ^ 0. 
Hence we have, by Weierstrass's Theorem, 

F{x,y) = ^{x,y) H{x,y), 
where H{x, y) is analytic at (0, 0), H{0,0) ^ 0, and where 
0(x, y) = y* + Ai{x)y + A^{x), 
Ai{x) analytic at x = 0, A.i{0) = 0. 

The locus of D,{x, y) = exhausts all points in the neighborhood of (0, 0) 
for which F{x, y) vanishes. We may write 

ft(x, y) =y^ + Ai(x)y + A^(x) 
where B^{x) ^ 0, because F(x, y) has, by hypothesis, no repeated factor. If 
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the expansion of B^{x) about a; = begins with an even power of x, B{x) 
is analytic at x = 0, £l(x, y) is reducible, and D,{x, y) = defines two 
branches, analytic at (0, 0). This is the case at a tacnode. If the expansion 
of B^(x) about X = begins with an odd power of x, B(x) is not analytic at 
the point, fl(x, y) is irreducible, and 0(x, p) = defines two branches, 
analytic in the neighborhood of (0,0), but connected at that point. 
If c = 0, then a ^ 0, Weierstrass's Theorem gives 

a(x, y) = x2 + ^i(y) X + i?2(y), 

and X2(x, y) = defines two branches as before. 

The slopes, at (0,0), of the locus of J^(x, y) = are determined, as in 
Theorem I, by the equation 

a + 2bX + cX2 = 0. 

Since, by hypothesis, 6'^ — ac = 0, those two slopes are equal, and the theo- 
rem is proved. 

11. The Nodal Locus. Theorem I. A necessary condition that a 
given locus x = fi(a), y = v{a), where \fi'(a)\ + \v'(^a)\ ^0, be a nodal 
locus oj the curves of (he family F{x, y, a) — is that the relations 

1) F=0, 2) F, = 0, 3) F^ ~ 0, 4) F^ = 0, 
5) F^ ^ or F^, ^ 0, 6) F,,Fy, - F% ^ 0, 



7) 



F.. 


F 

■* xy 


F.. 


Fy. 


Fyy 


Fy. 


F^ 


F.y 


i^.. 



= 0, 



be satisfied along this locus. 

Proof. Since Xf = A'(aj), y^ = v{a{) is a node of the curve aj, therefore, 
by the preceding section 

^^^=0, F, = 0, F, = 0, F,,F^-FI,^0, 

at this point. Since these conditions are true at every point of the locus, 
then 

1) F = 0, 2) i?; = 0, 3) /'„ = 0, 6) F,,Fy^ - Fly ^ 0, 

along the locus x = /^(a), y = v{a). From the first identity, 
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F^ dx + Fy dy + F, da = 
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along the same locus. But since F^ = and Fy = here, it follows that 
4) F^{x, y, a) = along this locus. Differentiating the identities 2), 3), 
4), we obtain 

^xxM' + f'xyV' + F^, = 0, 

Fy^^L' + Fyyl/ + Fy, = 0, 



along X = fi(a) , y — v(a) . 
7) 



A necessary condition that these be consistent is 



F F F 
F F F 



yx 



F F 



F 



sO. 



Because of 6), the equations 

Kxf^' + Fxy^' + Ka = 0, 

Fy^lM' + i'V + Fy^ = 0, 

determine /it' and v' at any point along x — fj-(a), y = i'(a), as 



i^) 



fi' ^ 



F F — F F 

■'- xy •'- ya -'• yy -^ x 
^ XX ■'- yy -^ xy 



F F — F F 

■'- xy -^ xa -^ XX -^ yi 



F F 

•^ XX -^ yy 



F^ 

■^ xy 



Since /*'(«) and v'{a) are not both identically zero it follows that at least 
one of the inequalities F^^ (^> y> ") ^ 0, F,y(x, y, a) ^ must hold along 
X — fi{a), y = v(a). This establishes the theorem. 

Theorem II. A sufficient condition that the given locus x = /i(a), 
y—v(^a), where |/it'(a)| + |j''(a)| ^0, be a nodal locus of the curves 
F{x, y, a) = is that the relations 

1) F = 0, 2) F, = 0, 3) Fy = 0, 4) F^^Fyy - Fly ^ 0, 

be satisfied along this locus. 

Prooj. The conditions of the theorem of §10 are fulfilled at every point 
of the given locus. Hence the theorem follows at once. 
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Theorem III. If, at (x„, y^, a^), 

1) F, = 0, 2) F, = 0, 3) F,,F„„ - F^„ ^ 0, 
(hen F^(x, y, a) = 0, Fy{x, y, a) = 

define a; = /x(a), y = v{a), 

where a) /*(«)> ''('*) '^'''^ analytic at «(, 

b) iJ,(ao) = a;^. "(^o) = i/o- 
If, furthermore, 

4) F(fi, V, a) = 0, 5) .F.^(m, V, a) ^ 0, or F,y{ti, v, a) ^ 0, 

then c) I /*'('») I + K(«) ! 5^0' 

and x = fi(^a), y = v(a) 

define, in the neighborhood of (x^, y^, ag), a nodal locus of the curves 
F(x, y, a) = 0. 

Proof. Conditions 1), 2), 3) insure, by the ordinary Implicit Function 
Theorem, the existence of two functions x — fi(a) , y = v(a) satisfying con- 
clusions a) and b), and such that 

1') F^ifi, V, a) = 0, 2') F,j{^i, V, a) = 0. 

That conditions 3), 5) are sufScient that fi'(a), v'(a) do not both vanish 
identically, follows at once from the equations (A) for fji'(a), v'(a) obtained 
in the proof of Theorem I, above. Finally, 4), I'), 2'), 3) constitute pre- 
cisely the sufBcientconditions of Theorem II above, which completes the proof 
of the Theorem. 

Theorem IV.* A necessary and sufficient condition that a given nodal 
locus X= fi(a), y = v(a), where |/x,'(a) | + |i''(a)| ^ 0, of the curves 
F{x, y, a) = be an envelope of one of the branches at the node, is that 

F,a{li, V, a) = 0. 
* This theorem is due to M. J. M. Hill, Proc. London Math. Soc, vol. 22 (1891), p. 222. 
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Proof. Necesmry condition. Since x = n{a), y = v{a) is a nodal 
locus of F{x, y, a) = 0, 

F^i/x, V, a) = 0, i^;(/i, V, a) = 0, F,(,i, u, a) = ; 
then 

1) Kxdx + F^^dy + F^Jia = 0, 

2) F^,Jx + Fyydy + Fyja = 0, 

3) F^^dx + F^ydy + F^Ja = 0, 

are consistent along the given locus. 

Since, by hypothesis, the slope of the nodal locus is eciual to the slope of 
one of the branches at the node, dyjdx from the above set must satisfy the 
equation 

4) F^,{dxy + 2F,y dx . dy + Fyy{dyy = 0, 

which determines the slopes of the two branches at the node. Multiply ] ) 
by dx, 2) hy dy, and add : 

5) F^^{dx)^ + 2F,ydx . d,j + FyyidyY + F^Jx • da + Fyjy ■ da=0, 
whence da{F^J,x + F,jjly) = 

along the locus. Since da ^ 0, it follows that 

6) F,Jx^FyJy=0 

along the locus. Hence, from 3), it follows that F^^(fj,, v, a) = 0, as was to 
be proved. 

Sufficient conditioii. Since x= /i*(a), y = v(a) is a nodal locus, 1), 2), 
3), and therefore ,5) are true. Since, by hypothesis, i''„„(/i, v, o) = 0, 
3) insures that 6) is true ; 5) then reduces to 4) ; that is, dy/dx from set 1), 
2), 3) satisfies 4), and the locus is an envelope of a branch ofi^(x, y, a) = 
through the node. This completes the proof of the theorem. 

12. Conditions for the Real Case. If F(x, y, a) is real when 
X, y, a are real, the theorems of §11 read for a) nodes, b) conjugate points, 
according as we change the condition F^^Fyy — Fl„ -^ to read 

a) F^^Fyy - Fly < 0, b) F^^Fyy - F^y > 0, r cs pcc ti vc ly . 
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Example 1. Consider the family of lemniscates : 
F{x, y,a)=\ (X- 4- ay + (y - a)*j* - 46«| (x + a^ _ (y - «)*{ = 0. 
The nodal locus is the straight line x = —a, y = a. 

K.{x, y,a)=8 \(x+ a)« + (y-ay+ (x-y + 2a)«(. 

Since /^aa(M> "j «) = 0, the nodal locus in an envelope of one of the branches 
through the node. 

Example 2. Consider the family of curves 

F'ix, y, a) = a? + (y - af - Bbx{y - a) = 0. 
The nodal locus is x = 0, y = a. 

Hence the nodal locus is an envelope. 

13. The Locus of Double Foints with Coincident Tangents. 

As stated in §10, Theorem II, necessary and suflScient conditions that the 
point (Xo, yo) be, on the curve F(x, y) = 0, a double point with coincident 
tangents are that 

F — F — F — F F — F^ — 

■L — V, j-a, — V, J. y — V, J. xxj. yy ^ xy — "> 

at the point, while i^a,,,, F^y, Fyy do not all vanish there. 

Theorem I. Necessary conditions that a given locus x = /t (a) ,y = ^(a) , 
where |m'(«) | + l^'C") I ^ 0, 6e a ?ocm« of double points with coincident tan- 
gents for the curves F(x, y, a) = are : 

1) F=0, 2) F^ = 0, d) Fy = 0, i) F, = 0, 

5\ F • F • F = F • F : F = F • F • F 

•■'/ ■*■ XX' ■*■ xy * -^ xa — ■■*■ yx * W -* j/a — ^ ax * ■'• ay * -^ aa> 

along the locus, while 

fi\ F F F 

"/ -^ arx» -* xi/> -^ yy 

do not all vanish simultaneously at any point of the given locus. 
Proof. Conditions 1), 2), 3), 6), and 

7 \ F F — F' = 

' ) -^ xx-^ yy -^ xy — " 
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follow at once from the fact that the above requirements for a double point 
with coincident tangents hold at every point of the given locus. Differentiat- 
ing 1), we obtain condition 4) by using 2) and 3). From the identities 2), 
3), 4), we obtain the consistent equations 

8) F,y + F,/ + F,^ = 0, 

9) F^^tl' + FyyV' + Fy, = 0, 

10) F^y + F^y + i^„. = 0. 

From 7), and the consistency of H) and 9), it follows that 

11) F • F : F = F : F • F . 

From F^x- F^^ = F^^: F^^, and the consistency of 8) and 10), it follows 
that 

12) F • F • F = F • F • F 

Condition 5) is obtained by combining 11) and 12). This completes the 
proof of the theorem. 

Theorem II, Sufficient conditions that a given locus x = fj^(a), y = i'(a), 
where |/i'(a)| + | !;'(«) | ^ 0, be a locus of double points with coincident 
tangents for the curves F{x, y, a) = 0, are : 

1) F=0, 2)F, = 0, 3) F^ = 0, i) F,,F^^- Fi^ = 0, 
along the locus, while 

•') ^ xxf ^ xyl -'^ yy 

do not all vanish simultaneously at any point of the given locus. 

Proof. The conditions for such a point arc fulfilled at every point of 
the given locus, and the thorem is established. 

Theorem III. A necessary and sufficient condition that a given locus of 
double points with coincident tangents, 

fi{ao) = a-o , i'(ao) = yo, i/^'(a) | + !"'(") I ^ ^' 

of the curves F(x, y, a) — 0, be an envelope of these curves is that 

Faai/J; V, a) = 0. 
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Proof. Since x = (i{a), y = v(^a) is a locus of double points with coin- 
cident tangents, we have along it 

l)i^=0, 2)i^, = 0, 3)i^„ = 0, 4)i>; = 0, 
b\ F • F • F = F ' F • F = F • F • F 

" / -^ XX' -^ XV ' -^ xm — -^ yx ' ^ yy -^ ya. — -^ a.x ' -^ ay • -* oa» 

while 

"/ -^ xx> -^ xyf "w 

do not all vanish at any point of the given locus. 

Necessary condition. Since the slope of the given locus is, bj hypoth- 
esis, equal at every point to tho slope of the double point tangent at that 
point, we have, using 5) : 

v'(a) : fi'{a) = — F^^{fi, v, a) : F^^{fi, v, a) 

= - Fy^i/j., V, a) : Fyy{(i, V, a) 

= - F^{ii, V, a) : F^y{fi, V, a) ; 

hence 7) F^^^l' + F^,/ = 0, 

8) i^>' + Fyyi/ = 0, 

9) F^M-' + F^/ = 0, 

are necessary conditions along the locus. 

From these and the identities 8), 9), 10) under Theorem I, it follows that 

^..r(A*, ", «) = 0, F,y{,i, V, a) = 0, F,,(fi, V, a) = 0. 

This establishes the necessary condition, and incidentally shows that 
-^aaCA*) V, a) = and F^y(/i, v, a) = are equivalent necessary conditions. 
Sufficient conditions. Let F„^{/i, v, a) = ; then, from 5) 

i^a^(M, ". «) = 0, F^yiii, V, a) = 0. 
The equations 7), 8), 9) are then true, and, because of 5), 

"'(«) : /(a) = - i^xx(/*. ", «) : ^x2,(m. ". «) 

= - Fy^il^, V, a) : Fyy{/i, V, o), 

that is, the slope of the given locus is equal to that of the double point tan- 
gent, and the locus is an envelope. This completes the proof of the theorem. 
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14. Examples. Uxample 1. Consider the curves 

F{x, y, a) = {x-yy-{x + y- iaf = 0. 

The cusp locus is x = a, y = a. 

K,(x,y,a) =-2i{x + y-2a). 

Since F^^{a, a, a) = 0, the cusp locus is an envelope. 
Example 2. Consider the family of cissoids 

F{x, y, a) =x'^+ (x- 1) (y - a)^ = 0. 

The cusp locus is x = 0, y = a. 

Since F^^(x, y, a) = 2{x — \) ^0 along the cusp locus, this locus is 
not an envelope. 

Example 3. Consider the curves 

F{x, y, a) =y^ - 2y(x - a)^ + (x - a)* - {x - o)« = 0. 

The cusp lo as is x = a, y = 0. These cusps are of the second kind, both 
branches of the curve lying on the same side of the cusp tangent. 

F^^{x, y, a) = - 4y + 12(x - a)'- - 20(x - a)». 

Since F^^(fi, v, a) = 0, the cusp locus is an envelope. 
Example 4. Consider the curves 

F{x, y, a) = (x 4- yY — (x — y — 2a)* + (x — y — 2a)« = 0. 

The line x = a, y = — a, is the locus of tacnodes of the curves. Since 
KA^, I/, a.) = - 48(a; - y - 2af- -\- 120(33 - y - 2a)* = along this 
locus of tacnodes, the locus is an envelope of the curves. 

Example 5- Consider the curves 

Fl,x, y, a) = {y - a^ + (x - a)* + {y - a)* = 0. 
Each cui've a of this family has but one real point, x = a, y = a; 
F,^(x,y,a) = 12 (.-c - a)\ F,^{x, y, a) = 0, F^,Xx, y, a) = 2+ 12(y- a)^. 



102 RISr.EY AND MAOOONALD [January 

Tlie conditions for double points are satisfied at every point of x = a, 
y =z a, which is therefore the locus of isolated double points of the given 
curves. The equation for the slopes of the branches through such a point, 

{X - x„yF^ + 2(x- X,) (1/ - y,) F,^ + {y - y,y F^^ = 0, 

shows that the slopes of the two branches through the point (an, (t^) are both 
zero ; we shall call this the slope of the coincident tangents to the curves at 
the isolated double points. 

F^^{x, y, «) ^ 2 + 12(a: - a)^ + 12(y - a)\ 

Since F^^{(i, v, a) = 2 ^ 0, the locus of isolated points is not an en- 
velope. 

The family 

F{;x, y, a) = / + (a; - a)* 4- / - 

has X = a, y/ = as a locus of isolated double points with coincident slopes. 
Since F^^{a, 0, o) = 0, this locus is an enveloi)e. 



